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The subject of this work is the study of one of the smallest, yet rather complex systems known in nature: the mesons. We
start by treating the mesons as valence quark-antiquark pairs interacting through a static potential and solve the corresponding
nonrelativistic Schrödinger equation. We compute mass spectra and wave functions. This first set of calculations confirmed
that a nonrelativistic description is adequate for the heavy mesonic sector, while it is not valid for mesons made of light quarks.
We perform those calculations in momentum space, where the relativistic kinetic energy and interactions are more naturally
formulated, and for general angular momentum states. These calculations serve as preparation for later relativistic calculations.
The momentum-space calculations have difficulties originated by singularities in the kernel. We introduced new numerical
methods involving sophisticated subtraction methods which enable us to solve the confinement problem in momentum space
without using a screening parameter, which is often considered necessary for a numerical solution. We also implemented and
tested different numerical methods aiming at high precision.

1 Introduction

Mesons are hadronic particles composed of quarks and gluons,
bound together by the strong interaction. Their study is inter-
esting not only for the understanding of the effective nuclear
force, between nucleons and nuclei, but also to get more in-
sight into the unique properties of the elementary strong inter-
action. In fact, an open question of great importance is to un-
derstand the connection between the strong interaction acting
between elementary quarks, as described by gluon exchange,
and the emergence of confinement in hadrons. The answer to
this question elucidates on how complex systems can be con-
structed from elementary ones. It should be emphasized that
the confinement interaction has a unique many-body dynam-
ics compared with the dynamics involved in the clustering of
nucleons to nuclei or in the clustering of atoms to molecules.
This is due to the self-interacting non-linear character of the
gluons in non-abelian QCD. It is also worth mentioning that
although QCD is widely believed to be the fundamental field
theory of the strong interaction, because of the large value of
its coupling constant in the low and medium energy regime,
it becomes very difficult to solve it, because one cannot use
perturbation theory. It is thus necessary to develop other ap-
proaches.

Our main and general motivation in this work is to create, in
the near future, a unified and consistent relativistic model for
mesons as quark-antiquark bound states that can be applied to
both heavy and light mesons. The model should satisfy a num-
ber of important requirements: (i) the formalism used should
be covariant, which is essential for the description of systems
composed of light quarks; (ii) the quarks should be strictly
confined; (iii) the structure of the constituent quarks them-
selves, i.e., their self-interaction, should be described consis-

tently through the same confining interaction that acts between
pairs of quarks; and (iv) the model should reflect the require-
ments of chiral symmetry (i.e. when the bare mass of a quark
qi approaches zero, a massless qiq̄i bound state must emerge).
In the process, knowledge on both the Dirac structure of the
effective confinement interaction and the form of the low en-
ergy effective one-gluon-exchange interaction is to be gained.

This is of great interest because it will support the anal-
ysis of emerging spectroscopic data collected in current and
planned experimental activities in Europe and in the USA, for
a extensive search for exotic mesons, with a structure that is
not reduced to a quark-antiquark pair. Moreover, there are two
other possible applications that we can highlight: i) the com-
putation of the pion transition form factor, a necessary input
for the hadronic contribution to the anomalous magnetic mo-
ment of the muon, which is nowadays being investigated for
possible signs of Physics beyond the Standard Model1; ii) the
production of lepton pairs whose precise knowledge is manda-
tory in the search for the quark-gluon plasma2.

The formalism that we will concentrate upon is the so-
called Covariant Spectator Theory3–5 (CST). The work of
Gross and Milana6 (GM) applied the CST for the first time
to the study of mesons. CST is based on Relativistic Quantum
Field Theory and has been widely and very successfully used
in different types of few-body systems, in particular problems
involving few nucleons. For a recent review of the CST theory
one should see ref.7. The model has unique properties since
it is entirely covariant and treats confinement and spontaneous
breaking of the chiral symmetry in a consistent way. Its final
goal is to describe all the mesonic spectrum, from the π to
the ϒ, providing a robust and useful theoretical basis in which
interesting mesonic properties can be computed. However, in
the numerical calculations performed so far, the constituent
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quark mass has been treated as a constant6,8,9 or as a phe-
nomenological function not related to the kernel10. On of our
aims is to correct this deficiency in future work.

In this work we deal with technical numerical difficulties
which arise very quickly, even in simpler approaches than
the GM model and we treat and test them extensively. Find-
ing new and more efficient solutions to some of these techni-
cal difficulties is one of the major contributions of this thesis
which, undoubtedly, serves as an important preparatory work
to establish, in the near future, a code for reliable predictions
of masses of pure qq̄ pairs, which is necessary for a definite
identification of hybrid states.

2 Formalism

The framework we are interested to work in is based on
the CST. The idea behind this theory is that the relativistic se-
ries of Feynman diagrams describing any nuclear process can
always be reorganized so that only the particles which are in-
teracting are off -mass-shell, and all the other particles, which
are spectators to the interaction, are considered on-mass-shell.

In the literature a first work that developed this idea is found
in ref.3, where integral equations particularly suitable to the
dynamical treatment of strongly interacting particles are de-
rived. These equations were deduced from the Bethe-Salpeter
equation following one major assumption:

All the particles of a system, but one, are on the-mass-shell
for all the intermediate states. The on-mass-shell particles are
viewed, and called, as ”spectators” of an interaction vertex. It
is the off-mass-shell particle that participates in the vertex of
the interaction.

As a consequence of this assumption the complete kernel
of the four-dimensional Bethe-Salpeter equation is turned into
an equivalent form, with a different propagator and a kernel
modified accordingly. The new propagator is chosen such that,
when the kernel of the reorganized equation is truncated to in-
clude ladder terms only, the dimension of the integration over
intermediate momenta reduces from four to three, while main-
taining the covariance of the equation.

This underlying principle of the CST is originally motivated
by a very interesting observation: a partial but important can-
cellation occurs between the two-body box and crossed-box
diagrams in scalar theories of φ 3-type. This cancellation im-
plies that the only terms that survive in any iteration of the
exact ladder and crossed ladder terms are the ladder diagrams
with one particle on-mass-shell in all intermediate states. At
the end, therefore, the integral equation that is obtained sums
only ladder diagrams with one particle on-mass-shell in any
intermediate state, and consequently is a 3-dimensional reduc-
tion of the 4-dimensional Bethe-Salpeter equation. This way,
we overcome the impossibility of summing an infinite series
of diagrams and get a better approximation by summing only
ladder terms where one particle is on mass-shell in all internal

loops.

Fig. 1 Illustration of the cancellation theorem. The cross means that
the heaviest particle is on its mass shell.

2.1 A CST model for mesons

The GM model6 is the first covariant model that ap-
peared as an application of the CST to the bound state of a
quark+antiquark system. We review here the main features of
this model:

1. Mesons are interpreted as bound-states of a quark and
an antiquark, either one of which can be off -shell. The
model is a relativistic generalization of the nonrelativis-
tic (or semirelativistic) models of Godfrey and Isgur11.

2. The relativistic bound state equation is written in momen-
tum space, where nonlocalities and energy dependences
of the interactions can be taken into account more easily.

3. The confining potential has a linear part that is known
to emerge, in the quenched approximation, from lattice
QCD calculations, and a constant part that enables an
adjustment of the overall energy scale. In momentum
space this potential has a leading term in q−4, that is reg-
ularized by subtracting the leading singularity at q2 = 0.
This potential is multiplied by a λ1.λ2 factor to account
for the color part. In this sense, only the color singlets
are confined.

4. The spin-dependent structure of the confining potential is
chosen to be consistent with chiral symmetry. The au-
thors explored the simplest case of chiral symmetry under
the SU(2)×SU(2) group and also under the U(1)×U(1)
group case.

5. Following the ideas of NJL models12 in which chiral
symmetry is spontaneously broken, the constituent quark
mass arises dynamically from its self-interaction with the
confining forces. Considering the pion, its nonzero mass
is theoretically a natural consequence of chiral symme-
try breaking generating a sizable quark mass from the
originally almost zero bare quark mass of the QCD La-
grangian. However, in the numerical calculations, this
consistency between confinement and chiral symmetry
was not yet fully implemented.

6. In the relativistic equation for the bound state the rel-
ative energy variable is constrained by restricting one



of the quark to its positive energy mass-shell — this is
called the one-channel case. This means that despite the
fact that the equations are covariant, they depend, like
nonrelativistic equations, on the relative three momen-
tum only and have a smooth nonrelativistic limit so they
are expected to describe most accurately the heavy-light
deeply bound systems.

7. For the case of not very deeply bound states, two chan-
nels have to be included, one with the quark on its
positive-energy mass-shell and one with the antiquark on
its negative energy mass-shell. This point will be seen in
more detail on the next section.

2.2 The one-channel vertex spectator 1CS equation

Following the features just described, we take here the
meson as a bound state of a quark and an anti-quark, and write
down the Feynman diagram for the bound state meson vertex
equation has shown in Fig.(2).

Particle 1 is the quark, particle 2 the antiquark and O is
a matrix in the Dirac space that describes how the confining
force couples to the quark or antiquark. The kernel V contains
the momentum dependent structure of the confining potential.
The equations are derived in the center of mass rest frame,
where P = (µ,0).

Later, the quark (particle 1) will be placed on shell, thus pro-
ducing the single channel equation. The four momenta used in
the diagram in terms of the total four-momentum P = p1− p2,
and the relative momentum p = 1

2 (p1 + p2) are:

final state: p1 = p+
1
2

P p2 = p− 1
2

P,

internal loop: k1 = k+
1
2

P k2 = k− 1
2

P,
(1)

where p1 refers to the quark and p2 refers to the anti-quark
(which has a minus sign).

The vector k is the relative internal momentum of the
quark-antiquark pair, in an intermediate state.

Fig. 2 Diagrammatic representation of the Bethe-Salpeter equation
for the meson bound-state vertex function Γ. The kernel, or
potential, is denoted by V .

The two fermion propagators have poles that can be repre-
sented in the complex plane k0. Factoring the denominators of

the propagators as:

1
m2

i − k2
i
= G+

i G−i , (2)

we have the following poles (labeled as suggested below)
and the corresponding singularities.

1:
(
G+

1
)−1

= Ek1−
(

k0 +
1
2

µ

)
− iε : k0 = Ek1−

1
2

µ− iε

2:
(
G+

2
)−1

= Ek2−
(

k0−
1
2

µ

)
− iε : k0 = Ek2 +

1
2

µ− iε

3:
(
G−1
)−1

= Ek1 +

(
k0 +

1
2

µ

)
− iε : k0 =−Ek1−

1
2

µ + iε

4:
(
G−2
)−1

= Ek2 +

(
k0−

1
2

µ

)
− iε : k0 =−Ek2 +

1
2

µ + iε.

(3)
They are represented in Fig.(3).

Fig. 3 Position of the four poles associated with the four
propagators Gρ

i in the bound state equation.

Performing the k0 integration in a closed contour in the
lower half plane, we may keep only the residue from the dom-
inant pole, pole 1. This is a good approximation when µ large,
since then pole 1 is in the close vicinity of pole 3 — where the
integrand is large — and therefore 1 is the dominating contri-
bution from the lower half plane poles. When µ is small pole
2 should also be included, just as discussed on point 7 of the
previous section. With these considerations one obtains:

Γ(p) =−
∫ d3k

2Ek1(2π)3V (p,k)O(m1+ 6 k̂1)Γ(k)
m2+ 6 k2

m2
2− k2

2
O,

(4)
where now∗ k̂1 = (Ek1,k) and k2 = (Ek1−µ,k).

This is one form of the One Channel Spectator equation,
labeled for short, the 1CS equation.

∗The hat on k1 means the particle is on-shell.
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Recalling that the projection operator13 can be written† as
a sum over on-shell u spinors, we have:

m1+ 6 k1 = ∑
λ ′

u
(
k,λ ′

)
ū
(
k,λ ′

)
, (5)

where λ is the eigenvalue of the Helicity operator in the
Helicity representation. Defining now the relativistic meson
wave function as

Ψ(k,λ ) =
1

√
2Ek1

ū(k,λ )Γ(k)
m2+ 6 k2

m2
2− k2

2
, (6)

Eq. (4) becomes:

Ψ(p,λ )(m2− 6 p2) =−
∫ d3k

(2π)3

V (p,k)√
4Ep1Ek1

×∑
λ ′

ū(p,λ )Ou
(
p,λ ′

)
Ψ(k,λ ′)O. (7)

In this work, we have investigated Eq.(7) further. In par-
ticular, we have shown that the one-body limit of this equa-
tion is the Dirac equation, for the light quark moving in the
presence of the infinitely heavy one, when one takes the ratio
between the two constituent masses tend to infinity. We have
seen and we will show in Section 5 that the results from the
1CS equation coincide with the non-relativistic Schrödinger
results when both masses are very large. The success in ob-
taining this limit shows that both the 1CS equation and the
relativistic kernel for the confining interaction have the cor-
rect nonrelativistic limit.

Finally, the main applications of the model will be listed
and procedures to improve upon the 1CS equation will be pre-
sented. It is important to keep in mind though, that some of
these aspects are currently under development.

3 Nonrelativistic Schrödinger Equation
(NRSE) in momentum space

Before attempting to solve Eq.(7) we studied a simpler yet in-
structive problem: the NRSE in momentum space with a linear
confining potential (which will then be properly generalized to
the relativistic case for the 1CS equation):

p2

2mR
〈p|ψ〉+

∫ d3k
(2π)3 〈p|VL|k〉〈k|ψ〉= E〈p|ψ〉 , (8)

where mR is the reduced mass of the quark-anti-quark sys-
tem and p and k are the incoming and outgoing relative mo-
menta. The linear potential6 is given by

† where u(pλ ) =
√

Ep +m

 1
σ .p

Ep +m

χλ

VL(q) =VA(q)− (2π)3
δ
(3)(q)

∫ d3q′

(2π)3 VA(q′) , (9)

where q is the momentum transfer, and

VA(q) =−
8πσ

q4 . (10)

After performing a partial-wave decomposition we arrived
at the following equation for a general angular momentum l:

p2

2mR
ψl(p)− 2σ

π

∫
∞

0
dk
{

2k2

(k2− p2)2 [Pl(y)ψl(k)−

−ψl(p)]+
w′l−1(y)

2p2 ψl(k)−

− 1
4p2 ln

(
p+ k
p− k

)2

P′l (y)ψl(k)

}
= Eψl(p) (11)

where Pl(y) is the lth Polynomial of Legendre of first
kind,wl−1(y) is given by

wl−1(y) =
l

∑
m=1

1
m

Pl−m(y)Pm−1(y), (12)

and

y =
p2 + k2

2pk
. (13)

Analyzing the kernel of Eq.(11) we see that it is singular
at k = p. Regarding the first term of the integrand, it appears
to have a double pole, but, because the factor in brackets that
multiplies the numerator goes to zero like (k− p), it is actually
a single pole and the principal value integral exists.

Although there are standard numerical methods to solve in-
tegral equations with principal-value type singularities, they
require special care and typically also more computing time.
From the practical point of view it would be a considerable ad-
vantage to eliminate those singularities altogether. We manage
to achieved this by means of subtraction methods. Further-
more, we explore two different methods to numerically solve
these equations: the SSI (Splines single integration) and SDI
(Splines double integration) methods.

4 Implementation of the Numerical Methods

4.1 Removing the singularities

In this section we will outline the main steps required to
remove the singularities. In the following it is important to
distinguish between the ordinary integral and the Cauchy prin-
cipal value integral, denoted here by the symbol ”−

∫
”.



Thus, considering the most singular part of Eq.(11), which
appears in

I1 =−
∫

∞

0
dk

2k2

(k2− p2)2 [Pl(y)ψl(k)−ψl(p)] . (14)

If one makes a Taylor expansion of the term in brackets
around p = k, the result in proportional to (k− p) and this
cancels one of the powers of the singularity in the denomi-
nator. The remaining singularity is a single pole that can be
calculated as a Cauchy principal value singularity.

With a second subtraction using the well-known result

−
∫

∞

0

d p
k2− p2 = 0 (15)

we can transform this equation further to a singularity-free
equation:

I1 =
∫

∞

0

dk
k2− p2

{
2k2

k2− p2

[Pl(y)ψl(k)−ψl(p)]− pψ
′
l (p)

}
. (16)

Note that the modified integrand is now regular at k = p
and it is no longer a principal-value but an ordinary integral.
The price to pay for this simplification is that the derivative
of the wave function enters the integrand. However, this is no
significant complication if the method of solving the integral
equation uses an expansion of ψl(p) into a set of basis func-
tions whose derivatives can be easily calculated.

Next we address the second singular integrand

I2 =−
1

4p2

∫
∞

0
dk ln

(
p+ k
p− k

)2

P′l (y)ψl(k) =

− 1
2p2

∫
∞

0
dk Q0(y)P′l (y)ψl(k) , (17)

where Q0(y) is the Legendre function of the second kind
given for general l by

Ql(y) =
1
2

∫ 1

−1
dx

Pl(x)
y− x

. (18)

Using ∫
∞

0
dk

Q0(y)
k

=
π2

2
(19)

we can bring I2 into the following form:

I2 =−
1

2p2

∫
∞

0
dk Q0(y)

[
P′l (y)ψl(k)

− p
k

l(l +1)
2

ψl(p)
]
− π2l(l +1)

8p
ψl(p) . (20)

The factor in brackets in the integrand is proportional to
(k− p) near k = p, such that the product (k− p)Q0(y) goes to

zero at that point. The subtracted integrand is therefore also
non-singular.

After this procedure, we used the B-splines14 defined on
the interval [0,1] in x and performed the following mapping to
move for the p-space:

x =
2
π

arctan
( p

Λ

)
, Λ = 1GeV. (21)

In order to illustrate the two previously described methods
we took here the NRSE for l = 0 after our procedure to trans-
form it in a singularity-free equation, i.e,

p2

2mR
ψ(p)−

4σ

π

∫
∞

0
dk

k2

(k+ p)2 (k− p)2.

.

[
ψ(k)−ψ(p)−

p2

2pk2 (k+ p)(k− p)ψ
′(p)

]
= Eψ(p),

(22)

4.2 SSI Method

The SSI Method (Splines single integration) uses a set cubic
splines β j(p) defined in order to have the appropriate bound-
ary conditions for the different l states. It is called splines
single integration method because it only requires single inte-
grations.

Taking the expansion ψ(p) = ∑
SN
j=1 α jβ j(p), the first step

involves choosing a proper mesh of points pi = 1, ...,SN so
that Eq.(22) can be transformed into:

SN

∑
j=1

p2
i

2mR
β j(pi)α j−

4σ

π

SN

∑
j=1

∫
∞

0
d p

k2

(k+ pi)
2 (k− pi)

2.

.

[
β j(k)−β j(pi)−

p2(k+ pi)(k− pi)

2pik2 β
′
j(pi)

]
α j =E

SN

∑
j=1

β j(pi)α j.

(23)

The mesh was chosen so that the point were equally dis-
tributed in x ∈ [0,1] and then mapped into p ∈ [0,∞[, How-
ever, there’s no unique choice and the results obtained are not
completely independent from this.

Defining now

Ai j =
p2

i
2mR

β j(pi), (24)

Vi j =−
4σ

π

SN

∑
j=1

∫
∞

0

k2

(k+ pi)
2 (k− pi)

2

×

[
β j(k)−β j(pi)−

p2(k+ pi)(k− pi)

2pik2 β
′
j(pi)

]
, (25)

1–14 | 5



and
Ci j = β j(pi), (26)

we get a generalized eigenvalue problem

(Ai j +Vi j)α j = ECi jα j, (27)

where E are the eigenvalues and α j the corresponding
eigenvectors. Finding the set of Es and the corresponding α j
completely defines the problem of finding the binding energies
and the wavefunctions for the bound states.

4.3 SDI Method (Splines double integration)

The SDI method (Splines double integration) also uses
the cubic splines previously defined but now double integra-
tions emerge from the fact that Eq.(22) is multiplied in both
sides by the operator ∫

p2
βl(p)d p. (28)

This is motivated from the Quantum Mechanics’ procedure
to find the eigenvalues, using the orthogonality of the basis set
of functions. In our case, the basis is not orthogonal so the
diagonalizing procedure will not be complete. However, we
reduce many of the resulting matrix entrances to zero, facili-
tating the numerical computation of the eigenvalues.

In this case, the generalized eigenvalue problem is

∫
∞

0
d p

p4

2mR
β j(p)βl(p)α j−

−
4σ

π

∫
∞

0

∫
∞

0
d pdk

p2k2

(k+ p)2 (k− p)2[
β j(k)βl(p)−β j(p)βl(p)−

p2(k+ p)(k− p)
2pk2 β

′
j(p)βl(p)

]
α j =

= E
∫

∞

0
d pp2

β j(p)βl(p)α j. (29)

Defining now

A jl =
∫

∞

0
d p

p4

2mR
β j(p)βl(p)α j, (30)

Vjl =−
4σ

π

∫
∞

0

∫
∞

0
d pdk

p2k2

(k+ p)2 (k− p)2

×

[
β j(k)βl(p)−β j(p)βl(p)−

p2(k+ p)(k− p)
2pk2 β

′
j(p)βl(p)

]
(31)

and
C jl =

∫
∞

0
d pp2

β j(p)βl(p) (32)

so (
A jl +Vjl

)
α j = EC jlα j (33)

where once more the E are the eigenvalues and α j the corre-
sponding eigenvectors and the problem of finding the binding
energies and wavefunctions is finished.

5 Results

5.1 NRSE in momentum space

In this section we present the results obtained for the solutions
of the NRSE in momentum space.

We start with table 1 by analyzing the consistency between
the results obtained in momentum space for the SSI and the
SDI methods described in the text and our previous results of
the r-space‡, for the first five excited states of the l = 0 case.
Globally, we can state the results are consistent, even though
the r- space and SDI method are closer to each other than the
SSI method for the same number of splines.

In table 2 we make the same analysis for the p and d case.
In this situation the method SSI did not provide stable results.
But, considering the SDI method, we see that once more the
results match in the two spaces.

Since the results for the l = 0 case are known and can be
determined in terms of the Airy function, we investigated the
accuracy of our two methods in table 3. The results clearly
indicate the SDI method as the most accurate.

Another important issue to address when studying numeri-
cal methods of this type is to analyze the rate of convergence.
For that one can see in Fig.4 and 5 the relative difference in
percentage between the result computed with SN = 48 and
SN = 64 splines as a function of the number of the state. We
see that for the SSI Method from around n = 7 the values start
diverging. On the other hand, for the SDI method, the conver-
gence lasts until approximately n = 13. Another interesting
feature is that almost cyclically some dips appear, indicating
that convergence for some eigenvalues is more easy than oth-
ers. However, they do not coincide so probably this is related
with the intrinsic structure of the method.

Obviously, the general behavior is that the convergence
worsens with increasing n and this has a physical reason be-
hind it. This happens because the functions evaluated are suc-
cessively more oscillant, making the integrations harder. As
an illustrative example we plot in Fig.6 and 7 the solutions of
wavefunctions corresponding to the ψ11, ψ12 and ψ13 com-
puted with SN = 16 and SN = 128. What one notes is that
with SN = 16 we do not have enough flexibility to represent
the right solutions (wavefunctions with 11, 12 and 13 nodes
as expected), so a higher number of splines is required. In this
case one needs SN = 128 to have the desired result.

‡ We have also solved the NRSE equation in configuration space and obtained
the mass spectra, which we compared with the experimental meson known
masses. However, and for the sake of brevity, we did not present those results
here.



En r-space SSI SDI
E1 2.338107 2.338108 2.338108
E2 4.087949 4.087930 4.087949
E3 5.520560 5.520397 5.520560
E4 6.786793 6.786107 6.786708
E5 7.947376 7.942539 7.944133

Table 1 First binding energies for the s-states. Comparison between
the results obtained in the r-space and p-space, for both SSI and SDI
method with SN = 64.

En r-space SDI (l = 1) r-space SDI (l = 2)
E1 3.361254 3.361258 4.248182 4.248181
E2 4.884452 4.884456 5.629709 5.629706
E3 6.207632 6.207627 6.868961 6.688798
E4 7.406265 7.405669 8.012763 8.009610
E5 8.528377 8.515238 9.117374 9.076910

Table 2 First binding energies for the p-states and d-states.
Comparison between the results obtained in the r-space and p-space
with the SDI method with SN = 64 for the p case and d case.

As a final overall comment, we can say that the SDI
Method, has proven to be a robust and efficient method to
solve this type of integral equation and if we want to increase
the precision or describe higher excited states, we simply have
to increase the number of splines in the basis.

Fig. 4 Study of convergence in SSI Method. This plot represents in
the x axis the n principal quantum number of the state and in the y
axis the relative differences in % between the binding energies
computed with SN = 48 and SN = 64 (blue) and SN = 64 and
SN = 128 (red).

En SSI SDI -Airy zeros
E1 2.33810847 2.33810761 2.33810741
E2 4.08793008 4.08794940 4.08794944
E3 5.52039730 5.52055962 5.52055983
E4 6.78610688 6.78670794 6.78670809
E5 7.94253855 7.94413344 7.94413359
E6 9.01914089 9.02265121 9.02265085
E7 10.0333347 10.0401766 10.04017434
E8 10.9962901 11.0085333 11.00852430
E9 11.9154774 11.9360443 11.93601556
E10 12.7959345 12.8288595 12.82877675
E11 13.6409344 13.6917101 13.69148904
E12 14.4523266 14.5283875 14.52782995
E13 15.2306641 15.3420908 15.34075514
E14 15.9751412 16.1357142 16.13268516
E15 16.6841443 16.9121212 16.90563400
E16 17.3551871 17.6750887 17.66130011
E17 17.9627796 18.4288721 18.40113260
E18 18.5544209 19.1673236 19.16732359
E19 19.2397772 19.9034692 19.83812989
E20 19.4522432 20.7065084 20.53733291

Table 3 Accuracy of the SSI and SDI methods. The Airy zeros were
found with the software Mathematica 7.0. The results were obtained
SSI and SDI methods with SN = 64.

Fig. 5 Study of convergence in SDI Method. This plot represents in
the x axis the n principal quantum number of the state and in the y
axis the relative differences in % between the binding energies
computed with SN = 48 and SN = 64.
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Fig. 6 Normalized wavefunction of ψ11, ψ12 and ψ13 with SN = 16.

Fig. 7 Normalized wavefunction of ψ11, ψ12 and ψ13 with
SN = 128.

Level In this work ref.(14) In this work ref.(14)
n SN = 12 SN = 12 SN = 20 SN = 20
4 2.11225 2.113 2.10694 2.109
3 1.80699 1.808 1.80727 1.808
2 1.44224 1.443 1.44232 1.443
1 0.93876 0.939 0.93867 0.940
-1 -0.93630 -0.936 -0.93630 -0.936
-2 -1.08500 -1.084 -1.08406 -1.084
-3 -1.17043 -1.170 -1.17296 -1.173
-4 -1.25905 -1.259 -1.23379 -1.233

Table 4 Comparison with ref.(14) results (in GeV ) for the 1CS
equation with σ = 0.2GeV 2 , κ = 5.0 and m2=0.325GeV/c2.

5.2 Dirac and 1CS equation

In this work we chose to solve both the Dirac and the 1CS
equation with a scalar linear potential. Our computations were
performed in helicity representation for the s-wave case. This
choice was made in order to reproduce the results of ref.(14).

Specifically, in Eq.(7) we have adopted

O ≡ 1 (34)

and

V (p,k)=−8πσ

 1

(p− k)4−Ep1δ
3 (p− k)

∫ d3k′

Ek′1
(p− k′)4

 ,

(35)
where the insertion of the energy factors is necessary to make
the kernel covariant with the restriction of the heavy quark
placed on its mass shell. The full 1CS also includes the covari-
ant replacement (p−k)2→ (Ep1−Ek1)

2−(p−k)2, but in the
numerical studies in this work we have neglected retardation
and use the simplest replacement (p−k)2→−(p−k)2 as the
authors did in ref.(14). This is usually called the quasirelativis-
tic approximation. In tables 6, 4 and 5 we compare our results
for the energy states obtained with those from ref.(14).

An important parameter is κ = m1/m2, the mass ratio be-
tween the heavy quark m1 and the light quark m2.

For the CST case we show the results for two cases of the
quark mass ratio (κ = 1 and κ = 10). The first conclusion
is that our results are in very good agreement with the ones
published in the literature, and therefore our numerical method
passed this first test. Positive and negative energy eigenvalues
for the two-quark bound state were found, since the two-body
equations are relativistic.

Besides the eigenvalues, we also calculated the eigenvec-
tors of the Dirac and the 1CS equations.

From now on, we will assume the following short-hand no-



Level In this work ref.(14) In this work ref.(14)
κ κ = 10.0 κ = 10.0 κ = 1.0 κ = 1.0
n SN = 12 SN = 12 SN = 12 SN = 12
4 2.07724 2.078 1.88090 1.881
3 1.78248 1.783 1.63183 1.632
2 1.43478 1.435 1.29244 1.293
1 0.96313 0.964 0.74397 0.745
-1 -1.09110 -1.009 -0.33407 -0.334
-2 -1.33336 -1.332 -0.34137 -0.341
-3 -1.51631 -1.515 -0.35430 -0.354
-4 -1.64306 -1.642 -0.37916 -0.379

Table 5 Comparison with ref.(14) results (in GeV ) for 1CS equation
with σ = 0.2GeV 2 and m2=0.325GeV/c2 for κ = 10.0 and κ = 1.0.

Level In this work ref.( 14)
4 1.94618 1.946
3 1.69508 1.695
2 1.39289 1.393
1 0.97542 0.976
-1 -1.24977 -1.248
-2 -1.57576 -1.574
-3 -1.83980 -1.838
-4 -2.08025 -2.078

Table 6 Comparison with ref.(14) results (in GeV ) for the Dirac
equation with σ = 0.2GeV 2, m2=0.325GeV/c2 and SN = 12.

tation for the eigenvectors


α1

1
α1

2
...

α1
SN

≡−→α +


α2

1
α2

2
...

α2
SN

≡−→α −


, (36)

φ
+(p) =

SN

∑
j=1

α
+
j β j(p), (37)

φ
−(p) =

SN

∑
j=1

α
−
j β j(p). (38)

Since we are dealing with relativistic equations some of the
eigenvalues are negative and the upper and lower wavefunc-
tion components denoted by φ+ and φ− exist for both positive
and negative eigenvalues. In the non-relativistic limit φ− be-
comes zero as it should - we checked this numerically - since
they correspond to the projection of the two-body vertex func-
tion into the v-spinor part of the off-shell-quark propagator.
We show a series of the Dirac wavefunctions in Figs. 8, 9, 10
and 11; and for the 1CS equation in Figs. 12, 13, 14, 15, 16
and 17. We remark that the number of nodes increases with
the energy of the state, as it should. For positive-energy states
φ+ dominates over φ−, while for negative-energy states φ−

dominates over φ+.

Fig. 8 Dirac φ+(p) wavefunctions for the first positive energies.
The parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

5.2.1 1CS One-body (Dirac) Limit In table 7 we
show the results of the 1CS equation for the excited states as
one increases the mass ratio κ . The values, just as expected,
tend to the one-body limit Dirac results, for both positive and
negative energies. This is illustrated in Figs.18 and 19.

5.2.2 Non-relativistic reduction of the 1CS and Dirac
equations
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Fig. 9 Dirac φ−(p) wavefunctions for the first positive energies.
The parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

Fig. 10 Dirac φ+(p) wavefunctions for the first negative energies.
The parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

Fig. 11 Dirac φ−(p) wavefunctions for the first negative energies.
The parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

Fig. 12 1CS φ+(p) and φ−(p) wavefunctions for E1. The
parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

Fig. 13 1CS φ+(p) and φ−(p) wavefunctions for E−1. The
parameters used were: σ = 0.2GeV 2 and m = 0.325GeV/c2.

Fig. 14 1CS φ+(p) wavefunctions for the first positive energies.
The parameters used were: σ = 0.2GeV 2, κ = 5.0 and
m2 = 0.325GeV/c2.



Fig. 15 1CS φ−(p) wavefunctions for the first positive energies.
The parameters used were: σ = 0.2GeV 2, κ = 5.0 and
m2 = 0.325GeV/c2.

Fig. 16 1CS φ+(p) wavefunctions for the first negative energies.
The parameters used were: σ = 0.2GeV 2, κ = 5.0 and
m2 = 0.325GeV/c2.

Fig. 17 1CS φ−(p) wavefunctions for the first negative energies.
The parameters used were: σ = 0.2GeV 2, κ = 5.0 and
m2 = 0.325GeV/c2.

n κ = 1.0 κ = 5.0 κ = 10 κ = 50 κ = 100κ = 1000 Dirac
4 1.88090 2.11225 2.07724 1.98091 1.96405 1.94787 1.94396
3 1.63183 1.80699 1.78248 1.72044 1.70839 1.69657 1.69493
2 1.29244 1.44224 1.43478 1.40555 1.39956 1.39364 1.39375
1 0.74397 0.93876 0.96313 0.97463 0.97516 0.97543 0.97554
-1-0.33407-0.93630-1.09110-1.21929-1.23466 -1.24828 -1.24894
-2-0.34137-1.08501-1.33336-1.53120-1.55378 -1.57353 -1.57651
-3-0.35430-1.17043-1.51631-1.78123-1.81106 -1.83700 -1.83933
-4-0.37916-1.25905-1.64306-2.01380-2.04839 -2.07741 -2.06676

Table 7 Dirac limit of the 1CS equation. The heavy quark mass m1
is varied in the CST equation. Comparison of the 1CS results for 6
increasing mass ratios with the Dirac results (last column). For these
computations m2 was fixed at m2 = 0.325GeV/c2. The number of
splines used were SN = 12.

Fig. 18 Dirac limit of the 1CS Equation for the positive energy
states. The light quark mass is varied in the CST equation.
Comparison of the 1CS with the Dirac results as a function of the
quark mass ratio.

Fig. 19 The same as Fig. 18 but for the negative states.
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SDI mR = 4.65 mR = 10 mR = 20 mR = 100 mR = 1000
1 2.338108 9.779071 20.37115 40.29458 200.17227 2000.36596
2 4.087949 10.13761 20.64892 40.51505 200.30120 2000.40182
3 5.520560 10.43115 20.87633 40.69555 200.40676 2000.43117
4 6.786708 10.69058 21.07732 40.85507 200.50005 2000.45711

Table 8 Meson masses (in GeV/c2) according to the NRSE: SDI
SN = 64.

m = 4.65 m = 10 m = 20 m = 100 m = 1000
1 10.27543 20.58412 40.46599 200.28892 2000.14181
2 10.69364 21.02098 40.81371 200.56634 2000.31190
3 10.99657 21.37684 41.12727 200.81554 2000.58749
4 11.24787 21.69625 41.53684 201.03196 2000.96253

Table 9 Meson masses (in GeV/c2) according to the Dirac equation
for increasing m. Parameters: σ = 0.2GeV 2 and SN = 12.

5.2.2.1 Dirac case Another interesting limit to be in-
vestigated is when the particle’s mass in the Dirac equation
increases. We did that and compared it with the NRSE equa-
tion results obtained through the SDI Method, for matching
parameters. The results are given in tables 8 and 9 and in
Fig.20, where the relative difference between the predicted
masses in one and the other methods are plotted in terms of
log(m). There is one important note in the study of this limit:
the values which are being compared are the predicted masses
corresponding to the positive solutions of the Dirac equation.
The negative eigenvalues still appear in our numerical solu-
tions, but the corresponding eigenvectors tend to zero, as ex-
pected. Fig.21 illustrates precisely this.

Fig. 20 Non-relativistic reduction of the Dirac Equation. Relative
deviations between the Dirac and the Schrödinger equation as a
function of the ”light” mass for several states.
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Fig. 21 Dirac wave functions for negative energy states with
increasing mass values.

Fig. 22 Non-relativistic reduction of the 1CS Equation. Relative
deviations between the 1CS and the Schrödinger equation as a
function of the mass for several states

5.2.2.2 1CS case Since we have already shown the
one-body (Dirac) limit of the 1CS equation, to show the non-
relativistic limit we only have to increase in the latter one the
second quark mass. The final results are explicitly shown in
table 10 and fig.22.

6 Conclusions and Outlook

This work is the first phase of a phenomenological study
of mesons within a relativistic framework, the CST, where the
dynamical equation is a quasi-potential equation in momen-
tum space, that is to say, a three-dimensional reduction of the
Bethe-Salpeter equation. Quark confinement is obtained by
using a linear quark-antiquark potential, whose momentum-



m2 = 4.65 m2 = 10 m2 = 20 m2 = 100 m2 = 1000
1 9.38050 20.58430 40.46615 200.28900 2000.96253
2 9.41501 21.02132 40.81397 200.56646 2000.58750
3 9.44001 21.37737 41.12751 200.81595 2000.31192
4 9.46075 21.69668 41.53699 201.03214 2000.14185

Table 10 Meson masses (in GeV/c2) according to the 1CS equation
or increasing m2 and with fixed κ = 1000. Parameters:
σ = 0.2GeV 2 and SN = 12.

space representation is somewhat subtle, but leads to a rather
elegant final equation. Although the fundamental theory QCD
is used only to suggest the form of the confining interaction
between quarks, the formalism also satisfies another very im-
portant feature of hadronic structure: chiral symmetry break-
ing.

The CST has already been applied to the study of mesons
in the past, however, so far the constituent quark mass has
been treated as a constant6,8,9, or as a phenomenological func-
tion not related to the kernel10, and therefore these model
calculations are not entirely satisfactory. A consistent imple-
mentation of the dynamical breaking of chiral symmetry re-
quires that the dressed quark mass is calculated from the self-
interaction of the bare quark through the same confining in-
teraction that acts between the different quarks in a meson.
For the special case of the pion, it was shown analytically
that, in the chiral limit of vanishing bare quark mass, the two-
body CST equation yields a massless pion solution, while the
quarks acquire a non-zero dressed mass through dynamical
chiral symmetry breaking.

A first step in the implementation of this program was per-
formed in a very recent paper15, where the quark self-energy
in CST was studied for a simple toy model. The next step will
be the calculation of the quark self-energy with more realis-
tic interaction models that will then be used to calculate the
meson spectrum and the meson wave functions. Moreover,
we expect that by connecting the dressed quark mass and the
confining interaction we obtain additional useful constraints
on the parameters of the interaction model that do not emerge
automatically from fits to the spectroscopic data.

A very important part of this program is the development
of reliable numerical techniques to solve the CST equations,
which have the form of integral equations with a singular ker-
nel in momentum space. The best way to test numerical meth-
ods is to apply them to problems where an exact solution is
known. For the CST equations no analytic solutions have
been found so far, but the numerical solution of integral equa-
tions with similar singularities can also be studied with the
non-relativistic Schrödinger equation in its momentum-space

form. Apart from serving as test problems, the results can also
be interesting by themselves, because for heavy-quark systems
the non-relativistic description is known to be a good approx-
imation, and a comparison with experimental data becomes
meaningful.

In this work, we started with a series of tests of nu-
merical algorithms by solving the non-relativistic differential
Schrödinger equation for a linear confining interaction in co-
ordinate space. For s-waves the exact solutions are known
analytically, which allows us to estimate the quality of our nu-
merical solutions. The same algorithm is then applied to ob-
tain solutions for higher partial waves, for which no analytic
solutions exist, and which can then be used as benchmark val-
ues for our numerical solutions of the corresponding integral
equation in momentum space.

We proceeded with the solution of the Schrödinger equa-
tion in momentum space for the same linear potential. Since
its direct Fourier transform does not exist, the linear potential
has been used in previous work mostly in a modified, screened
form, which introduces a dependence on a screening parame-
ter. An unscreened formulation has been achieved as well in
the context of CST calculations. However, in all cases the re-
sulting equations contain a singular kernel. The singularity is
of principal-value type and can be integrated, but it requires
special treatment and complicates the numerical solution con-
siderably.

The main new contribution of this work is the reformula-
tion of the Schrödinger equation with an unscreened linear
potential in momentum space into a form where all singular-
ities are eliminated from the kernel. The numerical solution
of this equation requires less effort and computing time than
the singular versions. For this purpose we used two differ-
ent techniques, called SSI and SDI, based on the expansion of
the wave function in a basis of B-splines, and compared the
results to the corresponding values already obtained in coor-
dinate space. SSI requires single integrations over the kernel
multiplied with spline functions, whereas SDI demands the
evaluation of double integrals. SSI is much faster than SDI,
but for the same number of spline basis functions its results
are less accurate then the ones of SDI, which in turn shows a
very impressive rate of convergence and overall stability. For
some cases with higher partial waves, SSI did not reach a con-
verged result. However, there are ways to improve SSI which
we did not yet have time to explore.

We are confident that the method that eliminated the singu-
larities from the nonrelativistic kernel can also be used to do
the same in the relativistic kernel of the CST equation. This
task is planned for the near future. In this work, we decided
to revisit first the work of ref.14 where the relativistic quark-
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antiquark bound-state problem was solved in a somewhat sim-
plified form (retardation was neglected) with the Dirac and
1CS equations. We obtained very good agreement of our re-
sults for the bound-state energies, which in the relativistic case
are both positive and negative, with the results reported in
ref.14.

In addition to these tests that confirm the validity of our
numerical methods, we checked whether the solutions of the
1CS and Dirac equations behave as expected in certain limits.
First, in the limit of one mass tending to infinity, the 1CS re-
sults should become equal to the Dirac results. This is called
the one-body limit, and by fixing one quark mass and making
the other one heavier and heavier, i.e. by increasing the mass
ratio, we see that the bound-state energies indeed converge
towards the Dirac energies. In fact, the 1CS equation works
particularly well for the description of heavy-light quark sys-
tems, where it is expected to be a very good approximation for
the more general two-channel CST equation.

Second, in the limit of all quark masses becoming very
large, both relativistic equations should approach the same
nonrelativistic limit, namely the Schrödinger equation. Again,
we find that the numerically obtained energies of the Dirac and
1CS equations indeed tend towards the Schrödinger energies
when the quark masses are increased. It also confirms that
our relativistic generalization of the linear potential behaves
correctly in the nonrelativistic limit.

We believe that this work will enable us to increase the
efficiency of computer codes required to solve more realis-
tic models involving a linear confining interaction within the
CST framework in the near future. We are particularly inter-
ested in the light quark systems, where relativistic effects are
large, and where a two-channel CST equation (2CS) has to
be applied. Once a parametrization of the interaction model is
found that provides a good description of the meson spectrum,
the corresponding meson wave functions can be used to calcu-
late many interesting properties of the mesons themselves or
of reactions in which they participate.
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